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XXXV. The Central Limit Theorem

Setting

• We have a population of stuff, e.g. students
of different heights.

• There is some mean µ and variance σ2, but
we don’t know them.

• We will take samples: Y1 := height of one
student. Y2 := height of another, and so on.
Yn := height of last sample student.

Assumptions and Notation

• Assumption forever: Our samples are
independent.

• We say the Yi are independent identically
distributed (i.i.d.) random variables.

• We no longer assume that the
population is normally distributed.

• The population could have any distribution
at all.

The Central Limit Theorem

• Suppose Y1, . . . , Yn are independent samples
from any population with mean µ, variance
σ2.
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• Then Y → N

(
µ,
σ2

n

)
.

• That is, Y approaches a normal distribution

with mean µ and variance
σ2

n
.

• In practice, when n ≥ 30, we may assume

Y ∼ N

(
µ,
σ2

n

)
.

Standard Normal Distribution

Converting to Standard Normal

• Recall: If Y is normal, then

Z :=
Y −mean

standard deviation
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is standard normal, that is, Z ∼ N(0, 1).

• Corollary to Theorem:

Z :=

√
n
(
Y − µ

)
σ

∼ N(0, 1)

• So we can use charts to find probabilities for
Z and then work back to find them for Y .

Example I

Homework problems take you an average of 12
minutes, with standard deviation 10 minutes.
Your assignment is 36 problems. What is the
probability that it will take you more than 9
hours?
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(Graph. Most are quick, but if you get stumped,
they take forever.) Note that this is definitely
not a normal distribution (there are no negative
values). It’s probably exponentialish, but it can’t
be exactly exponential because µ 6= σ.
Taking > 12 hours (720 minutes) means you
would average > 20 minutes per problem. Ferrari
says that Y is normal with mean µ = 15, variance
σ2

n
=

100

36
=

25

9
. So Z :=

Y − 15√
25
9

=
3

5
(Y − 15) is

standard normal. Y > 20 iff Z > 3, which by the

chart has probability 0.135% (one tenth of one
percent, not 13%). [See how nice I am to worry
about such things and make sure that it’s very
unlikely you’ll spend too much time on them?]
9 hours is 540 minutes, so you would have to

average
540

36
= 15 minutes per problem.

Y > 15

Y − µ > 15− 12 = 3
√
n
(
Y − µ

)
σ

>
6 · 3
10

= 1.8

Z > 1.8 =⇒ P ≈ 0.0359 ≈ 3.6%
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Example II

A bakery sells an average of 30 muffins per day,
with a standard deviation of 8 muffins. What
is the chance that they will sell more than 1,000
muffins in the next 36 days?
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She would need to average Y >
1000

36
= 27

7

9
muffins per batch. CLT tells us that Y ∼

N

(
30,

64

36

)
= N

(
30,

16

9

)
. Recall that Z :=

Y − µ
σ
∼ N(0, 1).

Y > 27
7

9

iff Y − µ > 27
7

9
− 30 = −2

2

9
= −20

9

iff
Y − µ
σ

>
−20

9
4
3

= −5

3
≈ −1.67

iff Z > −1.67

From the standard normal table, P (Z > 1.67) ≈
0.0475. [Graph.] So P (Z < −1.67) = 0.0475, so

P (Z > −1.67) = 1− 0.0475 = 95% .
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Example III

A technician checks whether a soda dispenser
gives the correct amount of soda by taking 100
samples. Assuming the standard deviation is
2.5ml, what the chance that her sample mean is
within 0.5ml of the true average amount of soda
dispensed?
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We want P
(∣∣Y − µ∣∣ ≤ 0.5

)
. We know

Z :=

√
n
(
Y − µ

)
σ

∼ N(0, 1).

√
n = 10, σ = 2.5∣∣Y − µ∣∣ ≤ 0.5

10
∣∣Y − µ∣∣
2.5

≤ 10 · 0.5
2.5

= 2

P (Z > 2.0) = 0.0228

P (−2.0 < Z < 2.0) = 1− 2(0.0228) = 1− 0.0456 = 0.9544 ≈ 95%
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Example IV

The technician from Example III wants to
guarantee (with probability 95%) that her sample
mean will be within 0.4ml of the true average.
How many samples should she take?

We want P
(∣∣Y − µ∣∣ ≤ 0.5

)
= 0.95. We know

Z :=

√
n
(
Y − µ

)
σ

∼ N(0, 1).

Draw the normal curve. We want 95% of the area
in the middle, so we want the outer area to be
1− 0.95

2
= 0.025. This corresponds by the chart

to Z = 1.96.∣∣Y − µ∣∣ ≤ 0.4∣∣∣∣∣
√
n
(
Y − µ

)
σ

∣∣∣∣∣ ≤ 0.4
√
n

σ

|Z| ≤ 0.4
√
n

σ

1.96 ≤ 0.4
√
n

σ
1.96σ

0.4
≤
√
n

(1.96)(2.5)

0.4
≤
√
n

n ≥
[

(1.96)(2.5)

0.4

]2
≈ 150.063

n = 151
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Example V

A restaurant finds that its customers spend an
average of $30, with a standard deviation of $10.
If they have 25 reservations tonight, what is the
chance that their total revenue will be between
$725 and $800?
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We know

Z :=

√
n
(
Y − µ

)
σ

∼ N(0, 1).

µ = 30, σ = 10

725 ≤ Y1 + · · ·+ Y25 ≤ 800
725

25
≤ Y1 + · · ·+ Y25

25
≤ 800

25
29 ≤ Y ≤ 32

5(29− 30)

10
≤

√
n
(
Y − µ

)
σ

≤ 5(32− 30)

10
−0.5 ≤ Z ≤ 1

P (Z ≤ −0.5) = 0.3085

P (Z ≥ 1) = 0.1587

P (0.5 ≤ Z ≤ 1) = 1− 0.3085− 0.1587 = 0.5328 ≈ 53%
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