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XXXIII. Order Statistics

Premise

« Example question: How tall will the
tallest student in my next semester’s
probability class be?

» Setting: We have independent random
variables  Yi,...,Y,, with  identical
distributions F(y) and densities

fly) = F'(y).
« Definition: Y};) := min{Y;,...,Y,}
« Definition: Y(,,) := max{Y;,...,Y,}

+ Question: What are the distributions and
densities of Y{;) and Y{,?

[ saw that I have 24 names registered, but I didn’t
see who they are. (The bigger the class, the more
chance you have to have a tall student.)

Why it’s unpleasant: Y(;) and Y; are different!

Y, = first
Y1) = smallest
Y, = last

Y = largest

Formulas
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= [nl-Fu]" " f(y)

Yy = smallest
Y = largest
F = distribution
f = density
Example I

24 students in a class each write a term paper.
The papers’ lengths are uniformly distributed
from 0 to 7 pages. Find the distribution and
density functions for the length of the longest

paper.
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Example 11

As in Example I, 24 students in a class each
write a term paper. The papers’ lengths are
uniformly distributed from 0 to 7 pages. Find the
distribution and density functions for the length
of the shortest paper.

Uniform distribution: f(y) =
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Example III

As in Example I, 24 students in a class each write
a term paper. The papers’ lengths are uniformly
distributed from 0 to 7 pages. Find the mean and
variance for the length of the longest paper.
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Variance:

7
o’ = ( / v’ v, () dy) —
0
24 [T 24-7\°
- ([ 9)- ()

= Maybe skip these steps.

U eyt 24 -7\°
N (724 267 y=0> B (W)
24726 242.72
724.96 252
2472 242.72
26 252
24 - 72 (252 — 24 - 26)
26 - 252
24 - 72 (625 — 624)
26 - 252
24 . 72
26 - 252
49n
(n+1)%(n+2)
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Example IV

A basketball team has 10 players (including
reserves). For each player, the time until her next
injury follows an exponential distribution with a
mean of 5 years. Find the distribution and density
and distribution functions for the time until the
team’s first injury.

Y; ~ Exponential(5):
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FY(1)<y) = 1—[1—F(y)]":1— (e_3> =1 —¢ 2%
We could take a derivative

here, but let’s practice our
formula:

Fro) = n[l=F@)]"" fly) =10 (eg>9

Example V

As in Example IV, a basketball team has 10
players. For each player, the time until her next
injury follows an exponential distribution with a
mean of 5 years. Find the expected time until the
team’s first injury.
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Y; ~ Exponential(5):

fly) = zes

Fro(W) = n[l—F@)]"" fy) =10 (eg)gée

aife

=|2e~%

1
This is Exponential(§), so the expected time

is . In general, if Y;,...,Y, ~

Exponential(3), then | Yq) ~ Exponential(é> )
n




